Distant perturbations of the Laplacian in a 
multi-dimensional space 



Denis I. Borisov 



Abstract 

We consider the Laplacian in M n perturbed by a finite number of distant 
perturbations those are abstract localized operators. We study the asymp- 
totic behaviour of the discrete spectrum as the distances between perturba- 
tions tend to infinity. The main results are the convergence theorem and 
the asymptotics expansions for the eigenelements. Some examples of the 
possible distant perturbations are given; they are potential, second order 
differential operator, magnetic Schrodinger operator, integral operator, and 
5-potential. 
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Introduction 

Spectra of self-adjoint operators with distant perturbations exhibit various inter- 
esting features and such operators were studied quite intensively. Much attention 
was paid to a multiple well Shrodinger operator in the case the wells were sepa- 
rated by a large distance (see, for instance, [SI [HI El E] , [H Sec. 8.6]). The similar 
problem for the Dirac operator was treated in [7]. The main result of the cited 
works was the description of the asymptotics behaviour of the isolated eigenvalues 
as the distances between wells tend to infinity. Recently new problems with more 
complicated distant perturbations have been considered. S. Kondej and I. Veselic 
studied a (^-potential supported by a curve which consists of a several compo- 
nents P2]. In the case these components are separated by a large distance their 
results imply an asymptotic estimate for the lowest spectral gap. The problems 
with distant perturbations were considered also for the waveguides. In [2] the 
Dirichlet Laplacian in a planar strip was studied, and the distant perturbations 
were two segments of the same length on the boundary on which the boundary 
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condition switched to the Neumann one. The asymptotics expansions for the iso- 
lated eigenvalues were constructed as the distance between Neumann segments 
increased unboundedly. These results were generalized in where we studied 
Dirichlet Laplacian in a domain formed by two adjacent strips of arbitrary width 
coupled by two windows. These windows were segments cut out from the common 
boundary of these strips. The technique employed in [3J followed the general ideas 
of the paper [Ij. In this paper we considered Dirichlet Laplacian in an infinite 
multi-dimensional tube perturbed by two distant perturbations. The perturba- 
tions were two abstract localized operators. The asymptotics expansions for the 
eigenvalues and the associated eigenf unctions were constructed. 

In the present paper we consider the Laplacian in R™, n ^ 1, perturbed by 
several distant perturbations. The number of the perturbations is finite but ar- 
bitrary and each perturbation is an abstract localized operator. The restrictions 
for these operators are quite weak and the results of this paper are applicable to 
a wide class of distant perturbations of various nature (see Sec. 7). 

In the paper we construct the asymptotics expansions for the isolated eigenval- 
ues and the associated eigenfunctions of the problem considered. The technique 
we develop is a generalization of the approach employed in pQ . Such generalization 
is needed since the tube considered in pQ was infinite in one dimension only that 
is not the case for a multi-dimensional space. The main additional ingredient we 
involve is the technique borrowed from [131 Ch. XIV, Sec. 4]. Our approach allows 
us actually to reduce the original perturbed operator to a small regular pertur- 
bation of the direct sum of the limiting operators those are Laplacian with one 
of the original perturbations. Due to this fact we believe that this approach can 
be employed not only for the asymptotical purposes, but also in studying other 
properties of the problems with distant perturbations. 

The structure of the paper is as follows. In the next section we formulate 
the problem and present the main results. In the second section we employ the 
technique from [121 Ch. XIV, Sec. 4] and transform the equation for the resolvent 
of the both limiting and perturbed operators to a certain operator equation. We 
employ it in the third section to obtain an equation for the eigenelements of the 
perturbed operator. We solve this equation explicitly using the slight modification 
of the Birman-Schwinger approach suggested in [Hj. This allows us to prove the 
main results in the sixth section. The seventh section is devoted to some examples 
of the distant perturbation to which the general results of this paper can be applied. 

1 Problem and main results 

Let x = (xi, . . . ,x n ) be the Cartesian coordinates in M n , n ^ 1. Given any 
bounded domain Q C M n by L2(M n ; Q) we denote the subset of the functions from 
L 2 (W l ) whose support lies inside Q. 

Let Qi C M n , i = 1, . . . , m, be bounded non-empty domains with infinitely 
different iable boundary. By Li : W%{VLi) — > L 2 (W l ,Q i ), i — 1, ...,m, we denote 
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linear bounded operators satisfying the relations 

(C i u 1 ,u 2 )L 2 (n i ) = («i, A«2)L a (ni)> C 1 - 1 ) 
^ co||Vu||i a(ni ) + ci||u||i a(ni ) (1-2) 

for all u,Ui,u 2 G W^ 2 2 (Qj), where c , Ci are some constants independent of u, u±, 
U2, and 

c < 1. (1.3) 

Since each u G W^ 2 2 (R") belongs to W^ 2 2 (K"), we can regard W^ 2 2 (IR n ) as a subset 
of W 2 2 (fij). Due to such embedding we can define the operators on the space 
W^|(R") and consider the operators as unbounded ones in L 2 (R n ). 

We introduce the shift operator in L 2 (R n ) as S(a)u := «(• + a), where a G R n . 
Let Xi, i = l,...,m, be some points in R™ and denote X := (X±, . . . , X m ), 
kj := \Xi — Xj\. We set 

m 

Cx^^Si-Xj&SiXi). 

i=l 

m 

This operator is defined on W$(Q X ), &x ■= U fa + i x i}), + i x i} '■= i x ■ 

i 1 

x — Xi G fli}, and maps this space into L 2 (R n ; Qx)- In what follows we assume 
that the distances between Xi increases unboundedly, i.e., Zjj — > +oo, « 7^ j. Hence 
the distances between the domains Qi + {Xi} tend to infinity and the operator Cx 
can be naturally treated as the distant perturbation formed by the operators £«, 
% = 1, . . . ,m. We can also consider Cx as an unbounded one in L 2 (R ra ) having 
Vy 2 2 (R") as the domain. 

The main object of our study is the operator Hx '■= — Ajgn + Cx in L 2 (R") 
with the domain W^|(R n ). Here A^™ denotes the Laplacian in L2(R n ) with the 
domain W 2 2 (M n ). Our main aim is to study the behaviour of the spectrum of Hx 
as Uj — > +00. 

Let Hi := — A K n +£j be the operators in L 2 (R n ) having H^ 2 2 (R n ) as the domain. 
Throughout the paper we assume that Hi and Hx are self-adjoint. By cr(-), o~ ess (-), 
°"disc( - ) we denote the spectrum, the essential and the discrete spectrum of an 
operator. 

Our first result is as follows. 

Theorem 1.1. The essential spectra of Hi, Hx coincide with the semi-axis [0, +00). 
The discrete spectra of these operator consist of finitely many negative eigenvalues. 
The total multiplicity of the isolated eigenvalues of Hx is bounded uniformly on 
l it j provided these lengths are large enough. 

m 

We denote a* := [J <Tdi S c(Hj). We say that A* G <7* is (p± + . . . +p m )-multiple if 

i=i 

it is a pj-multiple eigenvalue of Hi, i — 1, . . . , m. The relation Pi = corresponds 
to the case that A* is not in the spectrum of Hi. Let lx '■= min/j ,-. 

i,3 
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Theorem 1.2. Each isolated eigenvalue of Tix converges to zero or to A* G cr* 
as lx — > +00. // A* G 0* (pi + . . .p m ) -multiple, the total multiplicity of the 
eigenvalues ofTix converging to A* equals pi + . . .p m . 



Theorem 1.3. Let A* G a* 6e (pi 



+ p m ) -multiple, and let Aj = Aj(AT) 



A* ; z = 1, . . . ,p ; p := pi + . . . + p m , be the eigenvalues of the operator Hx taken 
counting multiplicity and ordered as follows: 

< |Ai(X) - A* I ^ |A 2 (X) - A*| < ... < \X P {X) - A*|. 

These eigenvalues solve the equation jjj4.16\ ) and satisfy the asymptotic formulas: 



\ i {X) = K + r i {X) (1 + 0(1 



2p _— IX- 



-\., 



Here 



r i = r i (X) = 0(l 



x 



X 



2 g-'xV-A, 



/ — > +OO. 



(1.4) 



l x -> +00, 



are the zeroes of the polynomial det (rE — A(A*,X)) taken counting multiplicity 
and ordered as follows: 

0^\r 1 (X)\^\r 2 (X)\^...^\r p (X)\. 



The matrix A is defined by l[4.15\) . The eigenf unctions associated with A, obey the 
asymptotic representation 



pj 



lx\/-\ 



x 



+00, 



ct\ := 0, «j := pi + . . . + Pj-i, 



in W. 



-norm. Here ipij, j = 1, . . . ,Pi, are the eigenf unctions of Tit associated 
with A* and are orthonormalized in L2(IR n ). The numbers are the components 
of the vectors 

(k?(X)\ 

Kj, = K.j(A) = ; 

\4\X)J 



which are the solutions to the system ( 4-14\ ) forX = Xi(X) and satisfy the condition 



n-l 

0{l x 2 e~ 1 *^* 



;i.s) 



As it is stated in this theorem, the leading terms of the asymptotics expansions 
for the eigenvalues Aj are determined by the matrix A(A*, X). At the same time it 
could be a difficult problem to calculate this matrix and its eigenvalues explicitly. 
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In the following theorems we show how to calculate the asymptotics expansions 
for Aj in more explicit form. 

We will say that a square matrix A(X) satisfies the condition (A) if it is diago- 
nalizable and the determinant of the matrix formed by the normalized eigenvectors 
of A(X) is separated from zero uniformly in lij large enough. 

Theorem 1.4. Let the hypothesis of Theorem \1.3\ hold true and suppose that the 
matrix A(A*, X) can be represented as 

A(K,X) = A (X) + A 1 (X), (1.6) 

where A satisfies the condition (A) and ||Ai(A)|| — > as lx —* +oo. Then the 
eigenvalues Aj of Tlx obey the asymptotic formulas 

\ = K + rf (l + O (l7^^ lxV=X *)) + 0(l|Ai(Z)||), lx - +oo. 

Herer^ = r^(X) are the roots of the polynomial det (rE— A (A)) taken counting 
multiplicity and ordered as follows: 

0^|r 1 (0) (X)|^|r 2 (0) (X)|^...^|rf(X)|. (1.7) 

Each of these roots satisfies the estimate 

tP(X) = O(\\A (X)\\), /x-+oo. 

We denote X it j := Xj — Xj. 

Theorem 1.5. Let the hypothesis of Theorem holds true. Then the eigenvalues 
Xi satisfy the asymptotic formulas 

\ l {X) = K + rf , \x) + o(l x n+2 e~ 2l -^ x: ), lx^+oo. (1.8) 

Here t± are the roots of the polynomial det (rE — A ) taken counting multiplicity 
and ordered in accordance with J J. 7| ), and the hermitian matrix A reads as follows: 

Af}{X):=(C k S{X k ^ r>s ^ Kq ) L2{Qky if k^r, A®(X):=0, if k = r, 

where k = 1, . . . ,m, q = 1, . . . ,p k , i = a k + q, r = l,...,m, s = l,...,p r , 
i = a r + s. The estimates 

> = O (I'^e-^^j , l x - +oo, 

are valid. 
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Corollary 1.6. Let A* G a* be (1 + 1 + . . . + 0) -multiple, and ipi, i = 1,2 be 
the associated eigenf unctions of Hi normalized in La(M n ). Then the asymptotics 
expansions for the eigenvalues \, i = 1,2, are as follows 



Ai — A* — 
A2 = A* + 



(£ 1 «S(X lj2 )^ 2 ,V'i) i2(ni) 
(A5(X 1|2 )^, Vi) i2(ni) | + ^ (j^V 58 *^) , l x - +00 



Theorem 1.7. Lei A* G er* 6e (1 + + . . . + 0) -multiple, and ip\ be the associated 
eigenfunction of Hi normalized in /^(M™). Taen tae asymptotic expansion for the 
eigenvalue X(X) ► A* ofHx reads as follows 

m 

_ _ 3n — 5 , ^ — 

A(X) = \ # -J2 (£i«S(X lj )(^-A*)- 1 A<S(X i)1 )^,Vi) i2(ni) +C(G 2 e~ 3i -^) 
as lx — > +00. T/ie associated eigenfunction ip satisfy the asymptotic representation 

_ n-l 

tp(x,X) =tPi{x-Xi) + 0(I x 2 e~^^), 



Remark 1.1. In this theorem the operators (7Yj — A*), j = 2, . . . , m, are boundedly 
invertible since A* G" crdisc(7~^)- 

In accordance with Theorem 11.41 the leading terms of the asymptotics expan- 
sions of the eigenvalues of Hx can be expressed in terms of the matrix Ao once it 
is possible to approximate A (A*, X) in the sense of (II. 6ft . One of the possible ways 
to employ Theorem 11.41 is given in Theorem 11.51 Here the matrix A is calculated 
explicitly in terms of the limiting eigenf unctions and the operators £j. We also 
observe that this matrix is in fact the first-order term in the asymptotic expansion 
for A(A*,X). 

One of the general cases is that the number A* G a* is a simple isolated eigen- 
value of two of operators Hi. This case is addressed in Corollary 11.61 We stress 
that in this case the asymptotics expansions for the eigenvalues are very similar to 
ones for a double-well Schrodinger operator with symmetric wells (see, for instance, 
[HI Th. 2.8]). At the same time, in our case the number of distant perturbations 
is arbitrary and no symmetry is assumed. 

One more general case is that A* is a simple isolated eigenvalue of one of the 
operators Hi only. The results for this case are due to Theorem 11.71 In this case 
Theorem 11.51 does not provide good asymptotics expansions for the eigenvalues of 
Hx since the matrix Ao in this theorem is zero. In view of this fact we have to use 
second-order term of the asymptotic expansion for A(A*,X). We also note that 
in this case the leading terms in the asymptotics expansion for the eigenvalues of 
Hx are smaller by order than leading terms in (11.81) . 

Generally speaking, some of the eigenvalues of the matrix A in Theorem 11.51 
can be identically zero for large kj. In this case the leading terms in (11.81) vanish. 
If it occurs, one should employ next-to-leading terms of the asymptotics expansion 
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for A(A*,X) and to treat them as a part of A in (11. 6p . Such an expansion for 
A(A*, X) can be obtained by the technique employed in the proof of Theorem II .71 
We do not provide such results in the paper in order not to overload the text by 
quite technical and bulky calculations. 



2 Proof of Theorem 1.1 



Let fl C M. n be a bounded non-empty domain and £ : (0) — > L 2 (M n ; Q) be an 
operator satisfying the relations 

(£mi,m 2 )l 2 (q) = (m, £1*2)1,3(0), \{£u,u)\ ^ co||Vu||| 2(n±) +ci||u||| a(n) (2.1) 

for all u,Ui,U2 G W$(pi), where cq, c\ are some constants, and Co obeys (11.31) . We 
introduce the operator He : = — A^n + £ in L 2 (M) with the domain W|(R) and 
assume that it is self-adjoint. 

Lemma 2.1. <J css (Hc) = [0, +oo). 

Proof. We will employ Weyl criterion to prove the lemma. Let A G [0, +oo). By 
X = we denote an infinitely different iable function cut-off function being one as 
r < and vanishing as r > 1. We introduce the sequence of the functions u p (x) := 
c p \x | ~ n//2+1 J n / 2 -i(v / A | x|)x(|x| — p) G Wf(lR n ), where J g is the Bessel function 
of q-th order. The coefficients c p are specified by the normalization condition 
II m pIU 2 (k«) = 1- Since 



\x 



-n+2 



^/ 2 -i(VA|x|) = (cos 2 (v^|x| - (jL^j + 0(^1-1)^ 



as |x| — > +oo, it follows that c„ > 0. Using this fact it is easy to check that 

p— >+oo 

||£^pIIl 2 (K") - * 0, WHc u p\\L 2 (R n ) "~ > as p — >• +oo. Therefore, m p is a singular 
sequence for at A and [0, +oo) C o- css (Hc)- The opposite inclusion can be 
shown completely by analogy with how the same was established in the proof of 
Lemma 2.1 in pQ. □ 

Lemma 2.2. The discrete spectrum of the operator Tic consists of finitely many 
negative eigenvalues. 

The proof of this lemma is the same as that of Lemma 2.2 in pQ. 

We apply now Lemmas 12.11 12.21 with £ = £i, Q = Qi, % = 1, . . . , m and arrive 
at the statement of the theorem on Hi- It also follows from Lemmas 12. 1[ 12.21 with 
£ = £x, := that the essential spectrum of TLx coincides with [0, +oo) and 
the discrete spectrum consists of finitely many eigenvalues. It remains to check 
that the total multiplicity of these eigenvalues is independent on provided these 
lengths are large enough. Completely in the same way how the estimate (2.5) was 
established in the proof of Lemma 2.2 in [I], one can check that 

n x >nf®n [ x\ (2.2) 
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where Tt x is the negative Neumann Laplacian in M. n \ fix, while TC X denotes the 
operator 

l-c ^2x(\x-Xi\ -e) J V- ci^2x(\v - X t \ -e) 

1=1 / 8=1 

in Qx subject to Neumann boundary condition. Here e is such that f2j C {x : 
\x\ < e}, and the lengths l^j are supposed to be large enough so that supports 
of x(\ x ~ Xi\ — e) do not intersect for different i. It is clear that TC X is unitary 

m 

equivalent to the sum ©7vjf , where H x is the operator 

i=i 

- div (l - c x(\x - Xi\ - e))V - cixflx - ^| - e) 

in {x : |x| < e} subject to Neumann boundary condition. This sum is independent 
on lij and has a finite number of negative isolated eigenvalues. By the minimax 
principle and ( 12.21) these eigenvalues give the lower bounds for the negative eigen- 
values of Tix that implies that total multiplicity of the negative eigenvalues of Tix 
is bounded uniformly on provided these quantities are large enough. 



3 Reduction to an operator equation 

In this section we collect some preliminaries which will be employed in the proof 
of Theorems PITO 

Let C and TCc be the operators introduced in the previous section. For any 
e > by S e we indicate the set of complex numbers separated from the half-line 
[0, +oo) by a distance greater than e. We also assume that e is chosen so that 
C"disc (H) c § e . 

Consider the equation 

(Hc-X)u = f, (3.1) 

where / E L 2 (M n ;^), ^ := {x E R n : dist(fyx) < /?}, (3 > 0, A E S e . We are 
going to reduce this equation to an operator equation in L 2 (M n ; Q 13 ). In order to 
do it, we will employ the general scheme borrowed from [TBI Ch. XIV, Sec. 4]. 

Let g E L 2 (W n ; Q@) be an arbitrary function. We introduce v := (— A^n — A) -1 ^. 
The function v can be represented as 

v(x, A) := J G n (\x - y\,X)g(y) dy, (3.2) 

G n (t,X):= — — : t 2+1 Hn_ 1 (itV—X), 

where H^ 2 _ 1 is the Hankel function of the first kind and (n/2 — l)-th order. The 

branches of the roots are specified by the requirements Re \J — A > 0, Re \f— A > 0, 
Im > as A E S F . 
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We denote by TCq the operator — A + £ in L 2 (fl /3 ) with domain VF 2 2 (f^). Here 
W% Q (VlP) consists of the functions from W^Q 13 ) vanishing on dQ 13 . The operator 
TCq is symmetric (see (12.11) ). and the operator (Hn — i) -1 is therefore well-defined 
and is bounded as an operator in L 2 (fi /3 ). Moreover, Ha is bounded as an operator 
from W 2 2 q{^) into L 2 (Q 13 ). By Banach theorem on inverse operator two last facts 
imply that the operator (Tin — i) -1 : L 2 (tt f3 ) — > W^q^Q 13 ) is bounded. Using this 
operator, we define one more function w := —(Hq — i)~ l Cv. 

By Xn — Xn{%) we indicate infinitely differentiate cut-off function being one 
in f^ 2 and vanishing outside . We construct the solution to the equation (13.11) 
as 

u{x, A) = Ti(X)g := v(x, A) + xn(x)w(x, A). (3.3) 

This function is obviously an element of W 2 (W n ). Now we apply the operator 
(Tic — A) to this function: 

(H c - \)u = g + Cv + (-A - A + C) X nw = g + T 2 (X)g, (3.4) 
T 2 (\)g := -2V X n • Vw - w(A + A - i) X n- 

Here we have also used the identities Cxnw = £w = Xn£ui. Thus, the equation 
(JUID holds true if 

g + T 2 (\)g = f. (3.5) 

Lemma 3.1. The operator T\{X) : L 2 (Q f3 ) — > W^W 1 ) is bounded and holomorphic 
w.r.t. A G S e . The operator T 2 (X) is bounded in L 2 {VL^) and holomorphic w.r.t. 
A G § e . For each solution of 113. 5\) the function u defined by 113. 3]) solves 113. 
And vice versa, for each solution u of ^3.1\) there exists unique solution g of ( tff.51) 
satisfying the relation u = T\(\)g. This equivalence holds true for all A G S £ . 

Proof. The operator (-A R » - A)" 1 : L 2 (R n ; ft^) W^W 1 ) is bounded and holo- 
morphic w.r.t. A G § e that can be established by analogy with the proof of 
Lemma 3.1 in [TJ. Since (Hq— i) _1 £ is a bounded operator in H / 2 2 (f2^), we conclude 
that the mapping g i— ► w is a bounded operator from L 2 (W a ;Q f3 ) into W 2 2 q{&) 
being holomorphic w.r.t. A G § e . Thus, the operator Ti(\) ■ L 2 (Q f3 ) — > W 2 (M. n ) is 
bounded and holomorphic w.r.t. A G § e . This fact and the definition of T 2 imply 
that this operator is bounded and holomorphic w.r.t. A G S e as an operator in 
L 2 {^). 

Let g solve the equation (j3.5P ; as it was shown above in this case the function 
u defined by (13.31) is a solution to the equation (13.11) . Suppose now that u solves 
(13.11) . By direct calculations one can check that the corresponding v, w and g are 
given by the formulas 

w := (A^ a + i)- 1 ^, v:=u- X nw, g = Tf\\)u := (-A - X)v, (3.6) 

where AR g is the Dirichlet Laplacian in Q 13 . □ 
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Lemma 3.2. The operator (I + T^)" 1 is bounded and meromorphic on A G § e . The 
poles of this operator are simple and coincide with the isolated eigenvalues of Tic ■ 
For A close to a p-multiple eigenvalue A* of Tic the representation 

(I + %(X)r = - £ + T 3 (A) (3.7) 

Zioids £nte. i/ere ^ are t/ie eigenf unctions associated with A* and orthonormalized 
in L 2 (IR n ) ; 0j := X[~ (A*)z/>j ; and the operator % : L 2 (fi /3 ) — > L 2 (fi /3 ) bounded 
and holomorphic w.r.t. A dose to A* as an operator in L 2 (f^). Tae equation A3.5\) 
with A = A* is solvable if and only if 

(f, ^i)ha{OP) = 0> « = l,...,p, (3-8) 
and tne solution reads as follows 

m 

g = %(K)f + Y^ c ^ ( 3 - 9 ) 
where Ci are arbitrary constants. 

Proof. It follows from (jOl . M that - A)Ti(A) = I + T 2 (A). Therefore, 

(^-A)- 1 = T 1 (A)(I + T 2 (A))- 1 , (I + T 2 (A))- 1 = Tf 1 (A)(^-A)- 1 , (3.10) 

where the operator T L _1 (A) is defined by the formulas (13.61) . By analogy with 
the proof of Lemma 3.1 in pQ one can show that the operator (Tic ~ l '■ 
L 2 (R™;f2 /3 ) — > lyKM") is meromorphic on A G S e , its poles coincide with the 
isolated eigenvalues of He, and for A close to A* the representation 

(H C ~ A)" 1 = - V tM^m + r 4 (A) (3.11) 
r—f A — A* 

holds true, where the operator 74(A) : L 2 (M n ) — - ► W 2 (M. n ) is bounded and holomor- 
phic w.r.t. A close to A*. Hence, in view of (I3.10j) . (13. lip , and (13. 6ft . the operator 
(I + T^) -1 is meromorphic on A G S e , the poles of this operator are simple and 
coincide with the isolated eigenvalues of H c , and the representation (13.71) holds 
true. As it also follows from (13.111) . the equation (13. ip with A = A* is solvable if 
and only if the relations ( 13. 8ft are valid, and the solution of ( 13.11) with A = A* is 
given by the formula u = Z^A*)/ + YTj=x c i' l l ) ii where are arbitrary constants. 
Employing now Lemma [3TTI we conclude that the relations (13. 8p are the solvability 
conditions for the equation (13. 6p with A = A*. Thus, the solution of this equation 
is defined uniquely up to a linear combination of the functions fa, i = 1, . . . ,m. 
The formula ( 13.91) is valid since for the functions / satisfying (I3.8P the identity 
(I + T 2 (A*))T 3 (A*)/ = / holds true due to (O). □ 



10 



Let fi C R" be a bounded domain with infinitely differentiable boundary, and 
X G W 1 be a point. Suppose that I := \X\ is a large parameter. We define the 
operator %(X,X) : L 2 (W l ; ^) -> as follows 

T 5 (X,X):=S(X)(-A M n-X)-\ 

Lemma 3.3. T/ie operator % is bounded and holomorphic on X G S e . For any 
compact set Ke S e £/ie estimates 

^ (7/ ~ e~'^\ * = 0, 1, (3.12) 

/io/d true, where the constant C is independent on X and A G K. 

Proof. As it was said in the proof of Lemma 13.21 the operator (— Ar™ — A) -1 : 
L 2 (lR n ;fi /3 ) — > Wf(R n ) is bounded and holomorphic w.r.t. A G S e . Therefore, the 
same is true for the operator T 5 . The estimates (13. 12ft follow from the asymptotics 

G»(a) = -j(i|^l_r(»-''/V'^(l + 0(|A|-VV')), (3.13) 
as t — > +oo, A G S £ ; this formula can be differentiated w.r.t. A. □ 




4 Equation for the eigenele merits of Tix 



In this section we will obtain the equation for the eigenvalues and the eigenfunc- 
tions of the operator TCx and will solve this equation explicitly. 

By T- , Tj X \ we denote the operators Tj from the previous section corre- 
sponding to C = Cj, Q = Qj, C = Cx, ^ = &>x- Let us study the structure of the 
operator in more details. 



Given g G L 2 (Q X ), due to (13. 2\i we have 

/m „ 
G n (\x-t\,X)g(t)dt = J2 / G n (\x-t\,X)g(t)dt 

m „ m 

= J2 G n (\x-X t ~t\,X)g l (t)dt = Y J {^(-XiH)(x,X), 
„■ i J „• 1 



i=l 



i=l 



gi (t) := g(Xi + t), Vi{x) : = / G n {\x - t|, A)ft(t) dt 



(4.1) 



Now we apply the operator Cx to the function vx and obtain: 



m ( m 



\ 



i=l 



3=1 



YsSi-Xi^M + Vi), (4.2) 



i=l 
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2 = 1 



2 = 1 



We introduce the functions 

lUi := -(W^j - iy l CiVi, Wi := -{Hn, - i) -1 /^, 

m m 



i=l 

.2 /r>/3 



i=l 
m 



It is obvious that u>x, G W* (Q X ). Since C x w x = e<s(-^)AK+^), 

i=i 

we obtain 



- i)w x = ( - ( A + + A) («>< + 

i=i 

= - ^2S(-Xi)Ci(vi + Vi) = -C x v x , 



W.: 



i=i 



% = -(T-in x - i) 

We define the cut-off function := X)i=i x i)xcin where the function xn t 
corresponds to the operator In this case the operator reads as follows: 

m m 

T i X) 9 = ^2S(-Xi)vi + J2 S (~ X i)XnM + Wi) 

i=i i=i 

m m 

= ^S(- X i)(vi + Xn t Wi + Xn t Wi) = 5(-X i )(T 1 W ^ + xn t Wi). 

i=l i=l 

Therefore, 

m mm 

Ti x \\X)g = J2S(-X i )T^(X)g i + £ S(-X t ) £ 7? y) (A)<&, (4.3) 

i=l i=l 2=1 

2^< 

7? W) (A) := (2Vxn 4 • V + (A Xni + (A - i) Xn J) (7fo, - i) _1 A7^(A, X i; 



Lemma 4.1. JTie operators T 6 {i ' j) : L 2 (R n ;Q^) -> L 2 (fif) are bounded and holo- 
morphic w.r.t. A G S e . TTie relation 

= CiT 5 (\,Xij) + (A - A + AWWn, - i^A^A, I 8J ) (4.4) 



zs valid. For each compact set Kc§ £ the estimates 

e -iijV=^ t k = 0,1, 



Qk T {i,j) 



n — 2k — 1 



ZioZd true, where the constant C is independent on Uj and A G IK. 
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The statement of the lemma follows from the definition of Tq 1 '^ and Lemma l3~3l 
According to Lemma 13.11 the eigenvalues of the operator Tix are numbers for 
which the equation ( 13. 5D with T2 = an d / = has a nontrivial solution. 

m 

Let gx be a solution to this equation. Since gx = Yl <^(~^i)9iy due to (14.31) we 

i=l 

conclude that the equation (I3.5P for g x can be rewritten as 



\ 



I ft + r 2 (4) ( A )ft +E 7 ? y) < A )« 



(ij). 



i=l 



J 



Each term in this equation has a compact support and these supports do not 
intersect if kj are large enough. Thus, the obtained equation is equivalent to 



9i + T 2 (i) (X)g i +]TTl i ' j \\)g j = 0, i,j = 1, 



m. 



(4.5) 



We introduce two operators in the space L := 0L 2 (R ri ; 



i=l 



t 7 (a) & := (r 2 w (AK,...,rr ; (A)^), 

^ m m ^ 



T 8 (A,X)^:= 



^r 6 ^(A)^,...,^r 6 ^(%, 



3=1 



3=1 



/ 



where gr := (gi,---,g m ) G -L. Employing these operators, we can rewrite the 
equation (14.51) as follows: 



g + T 7 (X)g + %(X,X)g = 0. 



(4.6) 



Let A* G 0* be (pi + . . . + p m )-multiple, and ipij, i — 1, . . . , m, j — 1, . . . ,Pi, 
be the associated eigenfunctions of Tii orthonormalized in L 2 {W l ). We denote 
p := pi + . . . +p m , 



<f> ax+j ■= (0ij,O,O,...,O) G L, T 9 {ai+j) g := (gi^ij)^, 
Q2+J := (0, 2 ,„ 0, . . . , 0) G L, T 9 {a2+J) g := 2 ,,) La 



(n 2 /9)) i — 1) • • • )P2, 







(O,O,...,O,0 mj )GL, T 9 (am+j) g:=(g, 



a m +j 



Here 0y := (7i(A*)) Lemmas 13.21 14. II yield 
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Lemma 4.2. The operator T 8 is bounded and holomorphic w.r.t. A G S e . For each 
compact set K G § e t/ie uniform in A 6 K and /arge ijj estimates 

2 e"^, i = 0,l, (4.7) 

are m/zd. Tne operator % is bounded and meromorphic w.r.t. A G S e . Tne sei o/ 
zts po/es coincide with a*. For any A c/ose to (pi + . . . + p m ) -multiple A* G a* ine 
representation 

(I + T 7 (A))- 1 = -X:^ + T 10 (A), (4.8) 

i=i * 

holds true, where the j-th component of the vector 7io(A)gr is T^gj if Pj 7^ 

and (l + 7y (A)) ^ &/ p j = 0. The operator T\q : L — > L is bounded and 

holomorphic w.r.t. A close to A*. The equation (i + %(\*))g = f is solvable if 

and only if T g f = 0, i = l,...,m. The solution of this equation is given by 
p 

9 = ^io (A*)/ + ^2 c i4>i, where Cj are some constants. 

Lemma 4.3. Each isolated eigenvalue of Tix converges to zero or to A* G o~* as 
lx — > +oo. 

Proo/. Using (TO) . (Q) , for each u G W^R") we obtain 

(H x u,u) L2iRn) ^ ||Vu||i 2(Mn) -c ||Vu||| 2(nx) — cilMliacn^) > - c iIMIl 2 (r™) ; 
which implies that Odisc^x) C [— ci, 0). We define K £ := [— c\, — e)\ |J (A — e, A + 

Aetr* 

e). This set obeys the hypothesis of Lemma [3.21 and due to (14 .7p the norm of T 8 
is exponentially small as A G K e and lx —>■ +oo. In accordance with Lemma [4.21 
the operator I + 77(A) is boundedly invertible as A G K e . Therefore, the operator 
I + T 7 (\) + T 8 (A, X) is boundedly invertible as A G K £ if lx is large enough. Thus, 
the equation (14.61) has no nontrivial solution as A G K £ if lx is large enough, and 
by Lemma 13.11 we conclude that the set K e contains no eigenvalues of Tix if lx is 
large enough. The number e being arbitrary completes the proof. □ 

Let A* G cr* be (pi + . . .+p m )-multiple; we are going to find non-trivial solutions 
of (14. 6 p for A close to A*. 

Assume first that A 7^ A*. We apply the operator (I + Tj)^ 1 to this equation and 
then substitute the representation (14. 8 p into the relation obtained. This procedure 
yields 

9 ~ £ ^ r ^ 9 + T 10 (A)T 8 (A, X)g = 0. (4.9) 

i=l 

In view of (14.71) the operator T w (X)Ts(X, X) is small if lx is large enough. Thus, 
the operator (i + 7io(A)7g(A, X)) is well-defined and bounded. We apply now 
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this operator to the equation (14. 9 j) and arrive at 
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E 

i=i 



ijH^\x) g 

A — A* 



*, = 0, 



(4.10) 



where &i(;\,X) := (i + T 10 (A)T 8 (A, X)) Hence, 

p 



9 



(4.11) 



i=i 



where are some numbers to be found. We substitute now this identity into 
(I4.10P and obtain 



K; 



i=l 



i=i 



0. 



(4.12) 



A-j = M\X) : = T 9 (l) T 8 (A,X)$,(-, A,X). 
The estimates (14.71) imply that 

n-l , 



ix 



+oo. 



(4.13) 



Since the vectors (f) i are linear independent, due to these relations the same is true 
for <frj. Thus, the equation (14.121) is equivalent to the system of linear equations 



((A - A*)E - A(A,X))k = 0, 

(A n (\,X) ... A lp (\,X)\ 



n :- 



A(A,X) :-- 



(4.14) 
(4.15) 



\A pl (X,X) ... A PP (X,X)J 



where E is the identity matrix. The corresponding solution of the equation (14.61) 
is given by (14. lip . Since the vectors are linear independent, this solution is 
non-zero if and only if k ^ 0. The criterion of the existence of nontrivial solution 
to (Oil is 

det ((A — A*)E — A(A, X)) — 0. (4.16) 

Therefore, the number A ^ A* converging to A* as Ix — > +oo is an eigenvalue the 
operator TCx if and only if it is a root of the obtained equation. The multiplicity 
of this eigenvalue equals to the number of linear independent solutions of the 
corresponding system (14.14)) . Let us prove that the same is true if A = A*. 

Consider the equation (14.61) with A = A*. If we treat 7^ (A*, X)g as a right-hand 
side, according to Lemma [4.21 this equation is solvable if and only if 



T 9 W T 8 (A„X)<7 = 0, 



(4.17) 
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and the solution is given by 

p 

9 = -T 10 (X*)T 8 (X*,X)g + ^ Ki&n 

i=i 

where are some constants. Now we apply the operator (l + 7io(A*)7g(A*,X)) 1 
to this identity and arrive at the formula (14.111) with A = A*. We substitute this 
formula into (14.171) and obtain the system (14. 14j) with A = A*. The vector g is 
non-zero if and only if k ^ 0; this leads us to the equation ( 14.161) with A = A*. 
It is convenient to summarize the obtained results in 

Lemma 4.4. Let A* G a~* be (pi + . . . + p m ) -multiple. A number A ► A* is 

an eigenvalue the Tix if o,nd only if it is a root of (f^TTTJj. The multiplicity of this 
eigenvalue equals to the number of linear independent solutions of the corresponding 
system h4-14\ ). 



5 Proof of Theorems 1.2-1.4 



In view of Lemmas 14.31 14.41 we will complete the proof of Theorem 11.21 if we prove 
that total number of non-trivial solutions to (I4.14p associated with the roots of 
(I4.16P equals p. 

Throughout this section we assume that A* G a* is (pi + - ■ .+p m )-multiple and A 
belongs to a small neighbourhood of A*. We denote B(A, X) := (A — A*)E— A(A, X), 
F(\,X) : = detB(A,X). 

Lemma 5.1. In the vicinity of A* the function F(X,X) has exactly p zeroes count- 
ing their orders. These zeroes converge to A* as lx — ► +oo. 

Proof. The definition of the functions Aij and Lemma 14.21 imply that these func- 
tions are holomorphic w.r.t. A and satisfy the estimates 

d k A; 



OX 



< ci 



X 



k = 0,1- 



It is clear that 



p-i 



f(\, x) = (a - x*y + J2 p ii\ x)(x - a,; 



i=0 

where the functions Pi are holomorphic w.r.t. A and obey the uniform in estimate 

(p— i)(n— 1) 

\Pi{x,x)\ < ci x 3 e - {p - i)lx ^. 

For a sufficiently small fixed e > this estimate yields 

p-i 

^P,(A,X)(A-A,) t 

i=0 



< I A — AJ P as I A — A* I 
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if lx is large enough. Hence, by Rouche theorem the function F(X, X) has the 
same number of zeroes (counting orders) inside the disk {A : |A — A*| < e} as 
the function A h- > (A — A*) p does. The number e being arbitrary completes the 
proof. □ 

Lemma 5.2. Suppose that Ai(X) and X 2 (X) are different roots of the equation 
and H\(X) and n 2 (X) are the associated non-trivial solutions to the system 
(fJTTTP normalized by the condition 

Then 

n-l , 

(«i, n 2 ) cv = 0{l x 2 e- lx ^), l x -> +00. 

Proof. We indicate by the solutions of the equation (14. 6p associated with A^; 
these solutions are given by (14.111) . Due to Lemma 13.31 the functions Vi and Wi 
corresponding to each of the vectors satisfy the estimates 

(n-l) , (n-l) , 

IIA$IU<nf) = 2 e-^V-^), ||^|| w|(nf) = 0{l x 2 e-^V-^), 

as lx — ► +00. Moreover, if follows from (14. 13f) that 

3=1 

where are the components of the vectors Hi. In view of the relation obtained 
and ( 14. 1 j) . (14. 2 h we infer that the eigenf unctions i[)i(x, X) associated with A« satisfy 
the asymptotic formulas: 

m Pj 

n—1 ...... 



j=l q=l 

where, we remind, ipij, j = l,...,Pi, are the eigenf unctions of Hi associated 
with A* and orthonormalized in L 2 (W a ). Since the operator Tix is self-adjoint, 
the eigenf unctions ipi are orthogonal in L 2 (W l ). Together with the established 
asymptotic representations for ipi it implies 



m Pi Pi 



i,j=l g=l r=l 

n-l 



(5.1) 

It is clear that 

(si-Xj)^, si-Xj)^) = (i> j>q , ipjjivpn) = \ ' g r ' 

V /L 2 (iR n ) 0, g^r, 
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and for i ^ j 

J L 2 (M. n ) V / L 2 (M. n ) 



Here we have used that due to (13. 13|) 



Ad = C^\x\^ n - 1)/2 e-\ x ^(l + Cdx)- 1 )). 



\x\ — > +00, 



where Cjj are some constants. Substituting the obtained relations into ( 15. ip . we 
arrive at the statement of the lemma. □ 

Let X(X) > A* be a root of the equation (14. 16[) . Without loss of generality 

we assume that the corresponding solutions of (I4.14p are orthonormalized in C p . 
Consider the set of all such solutions to ( 14. 14ft associated with all roots of ( 14.161) 
converging to A* as lx — > +00, and denote these vectors as Hi = Ki(X), i = 
1, . . . , q. In view of Lemma [5.21 the vectors /Cj satisfy the formulas (II. 5p . 

Lemma 5.3. Let X(X) ► A* be a root of the equation M-lbV and Ki, i — 

N, . . . , N + q, q ^ 0, be the associated solutions to fl^.i^p . Then the representation 

N +i r {i) (x) 

B-\X, X) = J2 x "xVy^ W + B o(X, X) 

i=N x -^ x ) 

is valid for all X close to X(X). Here T$ : C p ^ C are some functionals, while 
the matrix Bo(A,X) is holomorphic w.r.t. X in a neighbourhood of X(X). 

Proof. The matrix B is meromorphic and its inverse thus has a pole at X(X). By 
analogy with the relations (5.7), (5.8) in pQ one can show that the residue at this 
pole is of the form Ki(X)7$(X), where T$ : C p -> C are some functionals. 

We are going to prove that this pole is simple; clearly, it will complete the proof 
of the lemma. 

Consider A close to X(X) and not coinciding with A* and X(X). Let fi G 
L 2 {R n ;Qi) be arbitrary functions, / := (ft, ■ ■ ■ , f m ) G L, f := Ya=i 
Completely by analogy with (I4.1l) - (l4.6p one can check easily that the equation 
(13.51) with T 2 = * s equivalent to 

g + T 7 (X)g + %(X,X)g = f. 

Proceeding as in (14.91) . (14. lUj) . one can reduce this equation to an equivalent one 

9-J2 9 f_\ = - E Trf **+ (l+^o(A)T 8 (A, X))- 1 T 10 (A)/. (5.2) 



A — A* ^—f A — A 

2 = 1 1 = 1 
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We denote 



T^%(X,X)g 
A — A* 



and apply the functionals 3g 7s(A, X) to ( 15. 2ft . This procedure leads us to the 
equation for k^. 



B(X,X)k 



A- A 



-A{\,X)h 1 + h 2 , 









h!-.= 




, h 2 := 









/t 9 (1) t 8 (a, x) (i + r 10 (A)r 8 (A, x)) _1 t 10 (a)/\ 



\T 9 (p) T 8 (A, X) (I + T 10 (A)T 8 (A, X)) Y^A)// 

where k is defined as in ( 14.1 5ft . Hence 

1 



, (5.3) 



hi + k, k := B l h, h := h 2 — hi, 



A- A, 

V 



g = + (I + T 10 (A)T 8 (A, X))" 1 T 10 (A)/, 



where components of the vector k. In accordance with Lemma 13.21 the 

solution to the equation (I3.5P with T 2 = T 2 has at most simple pole at A(X). 
Hence, the same is true for the vector g just determined. It follows that the vector 
B -1 /i can have at most simple pole at A(X). The estimates ( 14.71) imply that 



h 



n— i , 

-hi + 0(l x 2 e~ lx ^). 



In view of this identity and the definition of hi we conclude that for any h G C p 
there exists / G L such that h = h 2 — hi, where hi are given by (15.31) . Therefore, 
the matrix B _1 has the simple pole at A(X). □ 

Reproducing word for word the proof of Lemma 5.3 in [1] we obtain 



Lemma 5.4. A zero A(X) 



A* of the function F(X, X) has order q if and 



only if it is a q-multiple eigenvalue of Tix ■ 

The statement of Theorem 11.21 follows from Lemmas 14.31 14.41 15.11 15.41 
The proof of Theorems 11.31 H-41 repeats verbatim et literatim the proof of The- 
orems 1.4, 1.5 in pQ. 



6 Proof of Theorems 11.51 , 11.71 and Corollary 11.6 



Proof of Theorem \1.5i Let us prove first that the representation (jl.fip is valid, 
where the matrix Aq is defined in the statement of the theorem and 



\Ai\\ = (V l+1 e- 2 <*^) , l x 



-oo. 
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Due to g2D, fl4J3|) we have 

Aij(\.,X) = T^TsiX^X)^ + O (l x n+1 e 



-n+i„-2/ xx /^x; 



X 



+00. 



We are going to show that Afj(X) = 7g 7g(A*, X)<f>j and the matrix A satisfies 
the condition (A); this will obviously imply the needed representation. 

We choose some i and j and let k,r G {1, ...,m}, g G {l,...,£>fc}, s G 
{1, . . . ,p r } be such that i = + q, j = a r + s. Then 



T 9 w T 8 (A*,A)</>, 



(T 6 ' r (A*)^ r)a ,V*,,) La( n fc) , 

0, 



r 7^ k, 
r = k. 



Consider the case r 7^ k. We employ (I4.4p and fll.l[) and integrate by parts to 
obtain: 



(^6 ^ i^*) ( t ) r,s,^k,^) L2{ Q^ = (£k%(K,Xk,r)<l>r,s, ^k,q) L ^ k) 

+ ((A - A* + £ k )xn k (1-(.n k - i) _1 i2 fc T^(A, X k , T )<t>r, s , ^k,q) L2 ^ 

= [£k%(K, X kir )(f) r)S , V , fc,g) L2 ( Qfe y 



(6.1) 



It follows from Lemma [37X1 and the definition of % that %(\*, Xk, r )4>k,s = S(X kt7 )ip r ,s- 
Hence, 

T 9 (j) T 8 (A*,X)<^ = {CkSiXt,,)^,^)^ = A®{X). 

Using this identity, the condition (11.11) and the equation for ip TtS and if)k,q> we check 
that 



= (V'r.s, «S(X r)fe ) J C fe '0fe !g ) li2(R „ ) = (Vv, s ,(A + A*)5(X r>fc )^*, g ) £a(Rn) 



((A + \*)lllr,s,S(Xr,k)lpk,q) 



(£ r ipr iS ,S(X r>k )i() kA ) 



(6.2) 



i 2 (f2r) 



(£ r 5(X r;fc )^ fci(? , Vr,s) L2(nr) = (X). 



Hence, the matrix Ao is hermitian. The eigenvectors of Ao are orthonormal in 
C p , and the determinant of the matrix formed by these vectors thus equals one. 
Therefore, the matrix A satisfies the condition (A). Now it is sufficient to apply 
Theorem 11.41 to complete the proof. □ 

Proof of Corollary \l.b\ In the case considered the matrix Ao reads as follows: 

(a<s(x 1i2 )v> 2j ^) i2(Ci ; 



where we have taken in account the hermiticity of this matrix. The eigenva' 



ues of Aq are t{ 



(0) 



{C 1 S(X 1>2 )^ 1 ) 



> T 2 



(0) 



Applying now Theorem 11.51 we complete the proof. 



L 2 (fili) 



□ 
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Proof of Theorem \1.7\ Theorem 11.31 implies that the eigenvalue A(X) has the asymp- 
totic expansion (11.41) . where r(X) = An(A*,X). It follows from the definition of 
$1 and the estimates (14.71) that 

A*,X) =<f> x - T 1O (A,)T 8 (A„X)0 1 + 0(lx n+1 e- 21 *^), l x - +oo. 

Since Tg%(X*,X)<p 1 = 0, we infer that 

/-. \ 3n — 3 , 

A 11 (A„X) = -r 9 (1) T 8 (A„X)T 10 (A,)T 8 (A„X)</) 1 + O(Z x 2 e" 3 ^^), (6.3) 
as lx — » +oo. By direct calculations we check that 

T 10 (A,)T 8 (A„ X)^ = (0, (I + r 7 W(A.))" V- 1 ^, •••,(! + ^(A.))" 1 ^ 



i > 



where 0i := f'7^ 1 -'(A*)) Using this relation and proceeding in the same way 

as in (16.11) . we obtain 

r 9 (1) T 8 (A JM X)T lo (A,)T 8 (A„X)0 1 

= f;(A5(X 1J )7^(A.)(l + 7^(A.))-V' 1 Vi,^) r ■ (6 ' 4) 

3=2 

In accordance with Lemma l3~T1 the function 7^(A*)(l + 7^ (A*)) T^'^fa, j = 
2, . . . , m, is a solution to the equation (13. ip with 7i c — 7~Lj, A = A*, / = 7g 
Since 

due to (I4.4p . and Cj%(\*, Xj t i)4>i = £jS(Xji)ipi by Lemma |3~T| we infer that 

-Xti j {na i -i)- x C j S{X jtl )tl h . 

The support of the second term in the right-hand side of the obtained identity lies 
inside f2^ . Bearing this fact in mind, from ( 16.41) we deduce 

T 9 (1) T 8 (A*, X)T 10 (A*)T 8 (A*, X)^ 

m 

= U l s(x 1 ,)(n J - \*y 1 £ j s(x j , l )ip l ,if) 1 } 

■ „ v / L 2 (ih) 

We substitute this identity and (I6.3P into ( 11. 4ft and take into account that by ( 14.71) 

T 9 (1) r 8 (A„X)T lo (A,)T 8 (A„X)0 1 = 0(l x n+1 e~ 2lx ^), l x - +oo. 

This leads us to the claimed asymptotics for A(X). 

Since p = 1, the system ( 14.141) reduces to an equation (A— A*— An (A, X))«i = 0, 
which has the non-trivial solution K\ = 1. This identity and Theorem 11.31 imply 
the asymptotics for if)(x,X). □ 
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7 Examples 



In this section we will give some possible examples of the operators £j. Throughout 
this section we suppose that Qi C MJ 1 are given bounded domains with infinitely 
differentiable boundary. We will often omit the index "i" in the notations corre- 
sponding to i-th operator C { writing simply C, Q, TC, etc. 

1. Potential. The simplest example of the operator £ is the multiplication 
by the compactly supported real-valued potential. This is a classical example but 
it seems that in the multiple-well case m ^ 3 the asymptotics expansions for the 
eigenvalues were not known. 

2. Second order differential operator. A more general example is a 
differential operator of the form 

£ =ESs^+EW»». (7 ' 1) 

where the coefficients fry are piecewise continuously differentiable and the coeffi- 
cients bi are piecewise continuous. The functions b^ and bi are also assumed to be 
complex-valued and compactly supported. We also suppose that the conditions 
(11 .11) . ( 11.211 hold true; the self-adjointness of the operator TC and TCx follows from 
these conditions due to specific definition of C. 
The particular case of (17.11) is 



^divGV + iVU— -— bi) 

f-f V dx i dx i J 



+ b , (7.2) 



where G = G(x) is n x n hermitian matrix having piecewise continuously differen- 
tiable elements, the functions bi = bi(x) are real- valued and piecewise continuously 
differentiable, the potential b = b (x) is a real- valued and piecewise continuous. 
We also suppose that the matrix G and the functions bi are compactly supported 
and 

\(G(x)v,y)o>\ < co|bllc»> x G n, y E C n , 

where the constant Cq is independent of x, y and obeys (11.31) . The matrix G can 
be zero; in the case the operator £ is a first order differential operator. 

3. Magnetic Schrodinger operator. Let b = (bi,...,b n ) G C^M") be a 
magnetic vector-potential, and bo := ||6||r« + V, where V = V(x) G C^°(]R n ) is an 
electric potential. We define the operator C by the formula ( 17.21) with G = 0. Such 
operator describes the magnetic field with compactly supported vector-potential. 

4. Integral operator. The operator £ is not necessary to be a differential 
one. For instance, it can be an integral operator of the form 

(Cu)(x) := / L(x,y)u(y)dy, 
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where the kernel L is an element of L 2 {Q x Q). We also assume that the function 
L(-,y) is compactly supported and the relation L(x,y) = L(y,x) holds true. Such 
operator satisfies the conditions (11.11) . (II. 2p . It is also A R n-compact and therefore 
the operator ri is self-adjoint. 

5. 5-potential. The results of the general scheme developed in the present ar- 
ticle can be applied to the perturbing operators not even satisfying the conditions 
we impose on C. It is possible if such operators can be reduced by some trans- 
formations to an operator C satisfying needed restrictions. One of such examples 
is (^-potential supported by a manifold. Namely, let T be a bounded closed C 3 - 
manifold in R n of codimension one and oriented by a normal vector-field u = 
where £ = (£1, . . . ,£ n ) are local coordinates on T. Let g be the distance from a 
point to T measured in the direction of v. We suppose that T is so that the coordi- 
nates (f?, £) are well-defined in a some neighbourhood of T, and in this neighbour- 
hood the mapping (g, £) i— > x is C 3 -diffeomorphism. We introduce the operator 
7ir := — A]gn + b5(x — T) as 

H r v = -Av 7 x £ T, 



on the functions v G Wf (M n \ F) H W 2 1 (^- Tl ) satisfying the condition 



dv 
dg 



e=+o 



dv 
dg 



bv 



Q=-0 



Q=0 J 



where g is b = b(£) G C 3 (T). We reproduce now word for word the arguments of 
Example 5 in [U Sec. 7] to establish 



Lemma 7.1. There exists C 1 -diffeomorphism V 
such that 



V = (Vx,...,V n ), 



1. The second derivatives ofV and V 1 exist and are piecewise continuous. 

2. The function p := detP and the matrix 



satisfy the identities 



P 



lg=+0 



P 



1/2 



P := 



i e =-o 



f&Px 


&Pi\ 

8x n 




dV n 

8x n / 


og 




e=+o — 


= 1 as 


\q\ > 



9 1/ 

^p 



i e =-o 



(7.3) 



where e is a some small fixed number. 
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3. The mapping (Uv)(x) := p~ 1 / 2 v(V~ 1 (x)) is a linear unitary operator in 
L 2 (IR n ) which maps the domain of the operator Tir onto W / 2 2 (R™). The iden- 
tity 

He := UHtU- 1 = -A R n + £ (7.4) 

holds true, where the operator C is given by ( |7. i| ] and the supports ofbij, bi 
lie inside {x : p ^ s}. 

The item |3] of this lemma implies that the original 5-potential can be reduced 
to a differential operator (17. f I) without changing the spectrum. Thus, after such 
transformation we can apply the results of this paper to such perturbation as well. 

The operator £ in (17.41) depends on the auxiliary transformation V. We are 
going to show that the leading terms of the asymptotics expansions established in 
Theorems 11.51 fTTTl and Corollary 11.61 do not depend of V. 

We begin with Theorem 11.51 Let Ck = £ for some k, where C is from (17.41) . and 
ip be an eigenfunction of the operator TCc associated with A*. The corresponding 
elements of the matrix Ao introduced in Theorem 11.51 are 

A°J = (^M,^)L 2 (n 2e ), 

where u = S(Xk )r )ip r ,s, and f2 2e := {x : g < 2e}. The function u satisfies the 
equation 

(A + A*)u = 0, xett 2e . (7.5) 

The function ip := W x ip = p 1,2 ip{V{-)) is an eigenfunction of Jiv associated with 
A* and therefore it is independent on V . The identities (17. 3ft imply that ip = ip as 
e < g ^ 2e. Employing this fact, (II. II) . (17.51) and integrating by parts, we obtain 

(Cu, ip) L2 (Q 2e ) = (u, Cip) L2{n2s) = (u, (A + \*)ip) L 2 (n 2e ) = / ( u— - ip— j ds, 

where u e is the outward normal to dVL2 E - The last integral is independent on e 
since for any e G (0,e) 

(A + K)if) = 0, i£fl 2£ \ fl.,?, 

. ~ f f dip — du \ f f dip — du \ 

= (u, (A + \*)iP) L2i n 2s) \n 2i = J [u^ - ^ j ds - J («— - ds. 

8fl 2s 9Q 2 e 

Using now the boundary conditions for ip on T, we pass to the limit e — > +0 and 
obtain 



dip du\ [ dip 

is J \?&r. ~ **r.) ds = J u U 

an 2e r x 



dip_ 
dg 



ds = (u,bip) L2{F )- 
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Thus, if an operator £ fc describes the ^-potential, the corresponding elements of 
the matrix A in Theorem 11.51 are 

where ipk,q are the eigenfunctions of the operator Hr- In particular, if in Corol- 
lary [L6] the operator Hi is Hr, the asymptotics expansions for Aj become 



Ai — A* — 
A2 = A* + 



{c x s{x l>2 )^ x ) L2{v) \ + o{i 

(C 1 S(X li2 )i; 2 ^ 1 ) L2ir) \+o( y l 



-n+2 



l X -> +00, 
), l x -> +00. 



If under the hypothesis of Theorem 11.71 the operator C x describes ^-potential, the 
arguments same as given above show that the asymptotics for X(X) reads as follows 

m 

_ _ 3n — 5 , 

\{X) =\*-J2 { S i X ^Wj - Kr'jCjSiX^, ^i) L2(r) + 0(l x 2 e" 3 '-^), 
i=2 

where ipi is the eigenfunction of Hr- The asymptotics for the associated eigen- 
function remains the same if by ipi we mean the eigenfunction of Hr- 

Suppose now that under the hypothesis of Theorem 11.71 one of the operators 
Cj, j ^ 2, describes the (^-potential. We denote u := (Hj — \*)~ 1 £jS(Xj 1 )ipi. 
Proceeding in the same way as in (16.21) . we obtain 



(A<S(Xi>,V>i) X2(ni) = ((A + A.KS^)^ 

Qli Q 

S(X jtl )ip 1 - u- 



dv F dv 



(5(^,0^) ds. 



(7.6) 



on 2 



Since (A + A*)iS(X ;)1 )'?/> 1 = in fi 2 e, it follows that 

CjS(X jtl )^ = (Hj - \*)S(X JA )^ + (A + KWXjJfa 
= U {{H T - K)U^ + (A + A,)) S(X j>1 )if> 1 . 

Using this relation, (17. 3p . and the identity (Hj — A*) -1 = U(H r — A*) _1 W _1 , we 
obtain u = UU, where 

U=(H r - A,)" 1 ((Ht - KP' 1 + (A + A,)) S(X jtl )ih = U + Uj, 

u = P 1/! fyi(P(- + Xj,i)) - s(Xj,i)-*k, 

and Uj G W 2 2 (R n \ V)C\ W^iW 1 ) is the unique solution to the problem 



(A + K)U 5 = 0, x G R n \ T, 



dg 



g=+0 



dU; 

dg 



Q=-0 
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It follows from (17.31) that U = 0, u = Uj as e ^ g ^ 2s. Bearing these relations in 
mind, we substitute the obtained representation for u into (17.61) and continue our 
calculations: 

The right hand side of this identity is independent on small s that allows us to 
pass to the limit s — > +0 and obtain 



dg 



dg 



ds 



e=-o. 



r 

= (bU j -bS{X j , 1 )ik,S{X j , l )ik) La(n - 
Finally, it leads us to the following formula 

\(x) =\* - (bu, - fts^ovi, Vi)^) 

- ]T (C 1 S{X 1Je ){H k - A*)- 1 £ fc 5(X fcil )^i,^i) L2(ni) + 0(/^e- 3i -^) ; 



fc=2 



being valid as Zx —> +oo if the operator TCj describes the 5-potential. 
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